Year 13 Review

Revision: Parametrics + Connected Rates of Change
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1 Parametrics

1.1 Parametric Differentiation

1.1.1 CIE - 9709-21-June23 Q5

y
A
M
5 > X
Figure 1
Figure 1 shows the curve with parametric equations

2t. t 1 1

X =4e"; Yy =2>5e "cos2t 1 6t6é_l

The curve has a maximum point M.

d
(a) Find an expression for d_i/( in terms of t.

(3)
(b) Find the coordinates of M, giving each coordinate correct to 3 significant figures.

(5)
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Marking Schemes for Question 5

Question Answer Marks Guidance
5(a M1
@ Use product rule to find %
d Al | or (unsimplified) equivalent (do not condone poor use of
Obtain 2 = —5¢" cos 2t ~10¢™" sin 2¢ or (Sus mplified) eq ) P
dr rackets.
_5et ~10e'si Al
Obtain d _Se cos2t—10¢ sin2 OE following their expression for Ll .
dx 8e! dr
3
5(b) dy I M1+ . L dx
Equate W to zero and simplify at least as far as tan2¢ =... now condoning any error with — .
Obtain tan2¢=—7 Al
Obtain ¢ =-0.231... Al | allow 1 =-0.232 .
Substitute negative value of # in expressions for x and y DM1
Obtain x =2.52 and y =5.64 Al | or greater accuracy.
5

Worked Solutions for Question 5
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1.1.2 OCR(A) 2022 Paper 1, Q12

A curve has parametric equations

1
The point P is B;Qp .

(a) Show that the equation of the tangent at P can be written asy = 2p?X + 4p.

(4)
The tangent to this curve at P crosses the X-axis at the point A and the normal to this
curve at P crosses the X-axis at the point B.

(b) Show that the ratio PA : PB is 1: 2p%.
(8)
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Marking Schemes for Question 2

Question

Answer

Mark
s

AO

Guidance

12

(2)

dr -1 dy
dt 2 dt

y=—2p’x+4p A.G.

M1

Al

M1

Al

[4]

1.1a

21

1.1a

2.1

Attempt correct process to find
gradient in terms of ¢ or p

Obtain correct gradient

Attempt equation of tangent

Obtain given answer

Correctly combine attempts at two
derivatives
Need & =kt and & =2

de dr
SC B1 for gradient of —2x?if it is never
seen in terms of ¢ or p
In terms of ¢ or p

Condone still working in terms of ¢
Allow mixture of ¢t and p as long as
convincingly recovered

Using their gradient from a
differentiation attempt, but not
dependent on first M1

Substitution into y — y1 = m(x — x;) or
equation involving ¢ from y =mx + ¢
Must now be in terms of p

Expand brackets and simplify to given
answer, or find ¢ and substitute back
into equation

Question

Answer

Mark

AO

Guidance

12

(b)

L
ZpJ

atB,y=0sox= 2p2(2%72p)=
»

4
atd,y=0sox=-52=2
2t P

(2 +(2p)

(4p3 )2 + (2p)2

P4=

PB=

P4 : PB

i«,4p4 +1: 2pfap* 41
1
P

2p
=1:2p? A.G.

BIFT

M1

M1

Al

B1

M1

Al
Al

8]

1.1a

1.1

3.1a

2.1

2.1

3.1a

2.1
2.1

Correct (unsimplified) gradient
of normal, following their
derivative

Attempt equation of normal

Use y = 0 to attempt x-coordinate
of B
Correct x-coordinate for B

Correct x-coordinate for 4

Attempt length of P4 or PB

Correct P4 and PB
Simplify ratio to obtain given
answer

Gradient in terms of ¢ or p, but not x
Could either FT on their incorrect
derivative or deduce the gradient from
the equation given in (a)

Attempt to use their gradient and P
Allow mixture of ¢ and p as long as
convincingly recovered

Substitution into y — y1 = m(x — x1) or
equation involving ¢ from y =mx + ¢
Using their attempt at normal equation
As far as finding an expression for x
Any equivalent form

Any equivalent form

Or M1 for attempting one of (P4)? or
(PBY?

Must correct distance formula

Using the given P, and their coordinates
for A and/or B, which must involve a
function of p

Or correct (PA)* and (PB)*

Must show clear method, such as same
expression in each square root before
cancelling

Could also consider fraction and then
cancel to deduce given ratio

Could simplify (PA)* : (PB)?, and then
square root to obtain ratio
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1.2 All of Parametrics

1.2.1 Q14 WMAO02/01, June 2017

o

Figure 2

Figure 2 shows a sketch of the curve C with parametric equations

X = 8cos® y:6sin2; 06 65

Given that the point P lies on C and has parameter = 3

(a) find the coordinates of P.
(2)
The line | is the normal to C at P.
(b) Show that an equation of | isy = X + 3:5
(5)
The finite region S, shown shaded in Figure 2 , is bounded by the curve C, the line |, the
y-axis and the X-axis.
(¢) Show that the area of S is given by

Z 5
3

4 4144 sin  cos® sin cos® d
0

(d) Hence, by integration, find the exact area of S.

(3)

(Solutions based entirely on graphical or numerical methods are not acceptable.)
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Marking Schemes for Question 3



Marking Schemes for Question 3



Marking Schemes for Question 3
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Marking Schemes for Question 3



1.2.2 Textbook Mixed Ex 11, Q29

Figure 3

Figure 3 shows the curve with parametric equations
X =5co0s;y =4sin ; 06 62
(a) Find the gradient of the curve at the pointP at which = 2
(3)
(b) Find an equation of the tangent to the curve at the pointP.
(3)
(c) Find the exact area of the shaded region bounded by the tangeRtR, the curve and
the x-axis.

(6)
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Worked Solutions for Question 3



2 Connected Rates of Change - Di erential Equations

2.1 1AL C34 - Q10 WMAO02/01, Jan 2019 - Connected Rates of Change

Figure 4

Figure 4 shows a container in the shape of an inverted right circular cone which contains
some water.

The cone has an internal radius of 3 m and a vertical height of 5 m, as shown in Figure 4.

At time t seconds, the height of the water i& metres, the volume of the water i8/ m® and
water is leaking from a hole in the bottom of the container at a constant rate of@2 m? s !

[The volume of a cone of radius and heighth is % r 2h.]
(&) Show that, while the water is leaking,

1
20 4
h dt k

wherek is a constant to be found.
(5)
Given that the container is initially full of water,
(b) expressh in terms of t.

3
(c) Find the time taken for the container to empty, giving your answer to the nearest
minute.

(2)
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Marking Schemes for Question 5



Marking Schemes for Question 5
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Worked Solutions for Question 5



2.2 Bonus Q: Solomon C4 Di erentiation WorkSheet D Q6

Figure 5

Figure 5 shows the cross-section of a right-circular paper cone being used as a Iter funnel.
The volume of liquid in the funnel isV cm® when the depth of the liquid ish cm.
Given that the angle between the sides of the funnel in the cross-section is @8 shown,

1
(a) show thatV = 3 h 3.
Given also that at time t seconds after liquid is put in the funnel

V =600e 0:0005t

(b) show that after two minutes, the depth of liquid in the funnel is approximately 117 cm
(c) nd the rate at which the depth of liquid is decreasing after two minutes.

17
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Marking Schemes for Question 6



2.3 Edexcel Mock Set 2, Paper 1 Q13 - Connected Rates of Change

Figure 6

[The volume of a cone of base radiusand heighth is % r 2h]

Figure 6 shows a container in the shape of an inverted right circular cone which contains
some water.

The cone has an internal base radius of2m and a vertical height of 4 m.
At time t seconds

" the height of the water ish m
" the volume of the water isV m3
~ the water is modelled as leaking from a hole at the bottom of the container at a rate of

o 31
512 h m’s
(a) Show that, while the water is leaking
h% dh _ 1
dt ~ 200

Given that the container was initially full of water,
(b) nd an equation, in terms of h and t, to model this situation.

It takes approximately 43 minutes for the container to empty.
(c) Use this information to comment on the suitability of this model.

19



20

Marking Schemes for Question 7



Marking Schemes for Question 7
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Worked Solutions for Question 7



2.4 TAL P4 - Q09 WMA14/01, Oct 2021 - Connected Rates of Change

4.2 metres m

J— ——
- -

4———— S8metres ——p
Figure 7

Figure 7 shows a cylindrical tank that contains some water.

*

hmetres

v

The tank has an internal diameter of 8 m and an internal height of 4:2 m.

Water is flowing into the tank at a constant rate of (0:6 ) m?3

There is a tap at point T at the bottom of the tank.
At time t minutes after the tap has been opened,

e the depth of the water is h metres

per minute.

e the water is leaving the tank at a rate of (0:15 h) m® per minute

(a) Show that
dh 12 3h

dt 320

(4)

Given that the depth of the water in the tank is 0:5 m when the tap is opened,
(b) find the time taken for the depth of water in the tank to reach 3:5 m.

(6)
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Marking Schemes for Question 8

Question
Number Scheme Marks
a) dv
( States or uses F = .7{><4 Xh‘:>E=].6FT Bl
dv
States or uses - 06x—015Th Bl
dV dV dh dh
Attempts to use —— Frair d —=06r-0.157h= 16TXE M1
ﬁ= 12-3h AL*
dr 320
)
dh  12-3h dh 1
(h) —= = = dt
dr 320 12-3h 320
1
—]1112 3h _—r+r M1 Al
12-3%) =57 |
Uses t=0, h=05 - ]— 1 In(12-3h) = —1]11[‘21\ M1 Al
AR - 03\3.1 W
3) ’21‘
Substitutes h=35 —= [— — l:‘*f:... dnil
Z "l s 2 4
208 minutes  cso Al
(6)
{10 marks)
(a)
dv
Bl: States or uses V = HX4 Xhﬁﬁ—lﬁﬂr oe.
V
B1: States or uses T 0.67—0.157h
M1: Attempts t a7 _ dV dn 1 h th d i
M1: empts to use —— d}i T equivalent with thewr —- TRl T
AT*: Proceeds to ? = 1_3;3'?? from a correct statement with no errors seen. The main scheme 1s acceptable.
f
Note that the answer is given and there may be many "fudged" attempts.
If you see % = Tn %(0.67—0.157xh)= 12— 3% or sumilar without any explanation or sight of {i‘i—?: etc you
can award B1 (implied), B1 (implied). M1 (implied). A0* (not fully shown)
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Marking Schemes for Question 8

(b)
M1: Separates variables and integrates both sides. Look for aln(12 —3%) = £bt+ ¢ or equivalent.
Note that Taln(4—h) = tbt +k 1s also correct. There 1s no need for a constant at this stage
. dr 320
Alternatively — =
dh 12-3h
Watch for variations on this such as t=In{4-h)+ &

=t=_In(12-3"+c

1 1
Al —51:1(12—3}?}=E:+c with or without the + ¢

M1: Uses r=0, h=0.5to find c.
Condone poor integration and poor attempts to re arrange the equation for this mark.
A1l: Cormrect equation linking / and 1.

This may be implied by an equation with i replaced by 0.5. Eg. In(12—3x3.5) = —%f+h110_5

3
Condone ¢ being a decimal (3sf) for this mark. So In(12-3k) = _ﬁH_ 2.351s fine

dM1: Substitutes /1 = 3.5 to find 7. Dependent upon previous M

05 o
A1 States 207- 208 minutes with correct units following correct work.

Accept any value between and including these. Condone %lﬂ 7 minutes

35 T
1
Note that [—Elu(lz —3}?]} = {ﬁ?} can score 3 marks at once provided they reach a value for T

Tt =Jal s

":I;_Ih brdhl = 5-':—0-[-,-{ . This method 1s simular to

(/o
t=- ?LUI-SU =320L

-] <[]
5.8 30T s 13200
w héen h, = aﬁﬁﬂ_,:’-_ﬁ and can score 3 marks on the
t.= -"%}h'} -3l final line when they subtract
e -

1:-¥ 3 -0

Ti-112 207. 854 wins,

SOHOKMATHS
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Worked Solutions for Question 8

Ov\'b

" b) ( (
a N S —
| dy I J\l—'.'!la dL"‘J 320 1
&% = +0-b7 - 0-STh
& L =2 dn = L oAb
V= wth =3 | @3k 30
Y - L
ok FACENEE AR
) t=0 h= 0%
%; (b
o o ;?[Jz,msh c
%= v o _ 1. L, Y
- \o-(m—o'f{m'n) 20 {-Lln-whzmt 31‘”("
g A0 B =<, te 2076037
%%% - l% -(,::&oﬁ MiVW\“QJ//
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2.5 TAL C34 - Q14 WMAO02/01, Jan 2018 - Connected Rates of Change

4
9. The volume of a spherical balloon of radius r cm is V. c¢cm?, where V. = 3 ri

dv
Find —
(a) Fin I
(1)

The volume of the balloon increases with time t seconds according to the formula
dv. 9000

— = t>0
dt  (t+81)4

(b) Show that
dr k

dt (e +81)4

where Kk and n are constants to be found.

t>0

(2)
Initially, the radius of the balloon is 3 cm.

(c¢) Using the values of k and n found in part (b), solve the differential equation

dr k

— = t>0
dt  rn(t+81)2

to obtain a formula for r in terms of t.
(6)
(d) Hence find the radius of the balloon when t = 175, giving your answer to 3 significant
figures.
(1)
(e) Find the rate of increase of the radius of the balloon when t = 175. Give your answer
to 3 significant figures.

(2)
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Marking Schemes for Question 9

}(%m: stion Scheme Marks
umber
d¥ 3 Bl
a =4 7
@ M
(b) | dr d¥V dF _ 90007 1
Frar T T RT3 M1
dr dr dr {I_Slj: 4ar
2250
=, Al
ro(t+81)°
(2)
dr k : B
© | 73 so | Fdr= | ——dr Bl
(1 +81)% J(t+81)7
I oaag A1
r_ __3-0} (t+81) % (+c) M1 Alft
3 -1/4
A -1
When #t=0,r=3s0 c=9+9000x(<81) *
3 1
F L 3
So o 9000 (r+81) *+3009 a1
- 1
= Al
r=9027-27000(t + 81) (6)
@ Uses r=175togive r=13.2 Bl
(1)
: - M1 Al
S Uses #=175 to give % =0.0127 or 0.0126 @)
(12 marks)
(a)
Bl: cao. Condone =% «37r" You may isw after a correct answer
)

M1: Correct use of chain 1'ult~E = v = v with dr (allow slips) and their L
dt dt dr dr dr

7 ' £l .
Allow any cofrect version v = ar * & with a (allow slips) and their % leading m% =

dt  dr dr dr

dr | 2
Al: cao|—= ———+ Condone r+«+R t<=T

Watch for fudging here. The correct % can easily appear to be found by incorrect chain mle. This 1s M0 AQ

If the chain rule 1s written down 1t mst be correct. There needs to be an attempt to use it for the M mark.
For Al there must not be any incorrect lines.
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