The equation x3 - 8x2 +cx +d =0, where ¢ and d are real numbers, has roots a, §, 7.
When plotted on an Argand diagram, the triangle with vertices at a, 8, y has an area of 8.

Given a = 2, find the values of c and d.

Fully justify your solution.
(Total 5 marks)



Theeqm!ionx’-&r’*cx*d:O, where ¢ and d are real numbers, has roots «, f, .

When plotted on an Argand diagram, the triangle with vertices at ¢, §, y has an area of 8.

Given a = 2, find the values of ¢ and d.
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Fully justify your solution.
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/2 A =
P ==— ( /
\ | <
2 I‘) I
- (“ \ =
( 4
\
Q =- 0
| z ( 344 Y391
"1‘5#: /{ 43
Marking Instructions AO Marks | Typical Solution
Writes £ and 7 in the AO2.5 B1 Real coefficients = = p + gi and
form p + g1 (seen y=p-qi
anywhere in the solution)
Uses “sum of the roots = | AO3.1a M1 a+p+y=8
-b/a" together with a . )
conjugate pair to =22+p+q+p—-q1=8
determine the real part -
(p)of Band y Behd S
=>p=3
Uses ‘(their p)' - 2 and AO3.1a M1 ®-2qg=8
the area of the triangle -3
on an Argand diagram to =d =
determine the imaginary o
parts of f and 7 [ /I
z\r -
g
Uses a correct method to | AO1.1a M1 p=3+8landy=3-81
find the value of c ord
using ‘their’ values of
pgi
Obtains correct values AO1.1b A1l d=—afy=-146
for ¢ and d. CAO
c=Yo0B =285

Total 5 marks




The cubic equation

ox’ —5x*+4x+7=0

has roots g, 8 and y.

Without solving the equation, find the cubic equation whose roots are (3a - 2), (38 - 2) and (3y - 2), giving your answer in the
form aw3 + bw? + cw + d = 0, where a, b, c and d are integers to be determined.

(Total for question = 5 marks)



Scheme Marks | AOs
w+2
=3x-1=>x= Bl 3.1a
3 2
9(“*2) -s(“*z] +4[“‘+2)+7=o Ml | 3.1a
3 3 3
T 5. 4
;(n +6w +12w+8)—;(w +4w+4)+;(w+2)+7=0
dM1 1.1b
3w #1307 +28w+91=0 Al | LIb
Al 1.1b
6]
Alternative:
a+,3+/=— aﬂ+ﬂ/+ay=— aﬂ/——% Bl 3.1a
13
New sum = 3@+ f+))- 6_—?
) ; 28
Ncwpau'sum=9(aﬂ+ﬂr+ya)—12(a+ﬂ+)')+12=? Ml | 3.1a
New product = 27afy -18(af + By +ya)+12(a+ f+y)-8= 931
n"—[—l ]u +—'u ( l)=0 dM1 1.1b
Al 1.1b
5 2 . _
37 +13w +28w+91=0 Al 1L1b
(5

(5 marks)




Q2.
Given that z = e

1
(a) showthat , . — =2cosnf

where n is a positive integer.

(b) Show that

|
cost@ = o (cos66 + 6cos48 + 15¢c0s268 + 10)

(c) Hence solve the equation
c0s66 + 6cos46 + 15¢c0s20=0 0O

Give your answers to 3 significant figures.

(2)

(5)

(4)



Q2.

Given that z = e*

(a) show that

wherenlsaposldvzgef:r-‘/)é -2 + é 2 + ’{'Z
(b) Show that
6%05 O

0- - (c0i60+6cos40+ 15¢c0520 + 10)

1
2+ — = 2cosnd

<

(c) Hence solve the equation

c0s60 + 6cosdf + 15¢c0520=0

Give your answers to 3 significant figures.
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(5)
0l
82058 —10 =+
I r 4)
s = 2 été.
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Number Scheme Marks
(a) 2" =e™ =cosnb+isinnd
L,.:e"" =cos(-n6)+isin(-nf) = cosnf—isinnd
z"+_—l_=cosn€+isinn9+cosn€—isinn9=2cosn9* MlAlcso (2)
s
(o) satnd B 0t 1
®) z 2! z 3! z MIAL
+6x5x4><3_1x1 6x5x4x3x2 xl 1
a F s T FS
(2c088)° =25 +62* +152* + 20+ 15x - +6x 1+ 5
z Z oz
s 6.l Aol 6l
64cos’ 8=2"+—+6| 2" +— |+15| z° +— |+20 Ml
2z z z
64cos® B=2cos60+6x2cos48+15x2cos26+20 M1
ms‘9=3—12(msso+6cos4e+15cosze+1o) i a* o
(c) cos 66 +6cos46+15c0s26+10=10
32cos’8=10 MIlAl
oos€=+éi
ql6
6=0.6027....2.5388.. 6=0.603, 2.54 MiA1 “@
@ | [3(32c0s" 6-4cos’ 6)d6
o
= [3(cos 66 +6cos 46 +15c0s26+10~4cos’ 6)d6
-F(cos68+6cos4€+15cos29+10—2—2c0529)d8 M1
3 13
= Esm69+25m4€+7sm29+83 MI1Al
_(o)+[~/']13fs;r() i
2 2
53 87
53 81 Al 5
B 1 ®
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Figure 2

Figure 2 shows the vertical cross-section, AOBCDE, through the centre of a wax candle.

In a model, the candle is formed by rotating the region bounded by the y-axis, the line 0B, the curve BC, and the curve CD

through 360° about the y-axis.

The point 8 has coordinates (3, 0) and the point C has coordinates (5, 15).

The units are in centimetres.

The curve BC is represented by the equation

225 2025
y= 3€<x<5
a
where 3 is a constant.
(a) Determine the value of 3 according to this model.
(2)
The curve CD is represented by the equation
2
y=16-0.04x 0£x<5

(b) Using algebraic integration, determine, according to the model, the exact volume of wax that would be required to make the
candle.

(9)
(c) State a limitation of the model.

(1)
When the candle was manufactured, 700 cm? of wax were required.

(d) Use this information and your answer to part (b) to evaluate the model, explaining your reasoning.
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Figure 2

Figure 2 shows Whe verticil cross-section, ACACOE, through the centre of a wax cancle.

[n a model, the candle is formed by rotating the regica bounded by the y-axis, the line 08, the curve 8C, and the curve D
threugh 360° abeut the y-axis.

The point 8 has ccordinates (3, 0) and the pint € has codrdinates (5, 15).
The urits are In centimetres.
The curve BC Is representad by the equaticn

JZZSx’ - 2025
I I<x<Ss
a
where 3 is a constant.
(a) Determine the value of 2 according to this model,
n

The curve CO Is represented by the equaticn

¥=16-0.04y 0<x<s

(b) Uzing algebraic integration, determine, according to the model, the exact volume of wax that would be required to make the
candle,

i2)
{c) State a Smitation of the model.

m
When the candle was manufactured, 700 cm? of wax were required.
(d) Use s Information and your answer to part (b) to evaluate the model, explalring your reasoning.
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close to the actual value

Question Scheme Marks AOs
(a) 225x 5 —2025
(5. 15):15:‘/"'”—'0':>a=... Ml | 33
a
a=4 Al 1.1b
2)
(®) Evidenceoftheuseofﬂfx’dyforthecmBCorthemeCD Ml 3.1b
- 2 y v 16 2 : ’
For BC ¥; -EI(IG_V +2025)dy mn![g) +9]d) Alft | LIb
For CD V, =257 (16— y)dy or x[(400-25y)dy Al 1.1b
x
;1:7—_’5-] (16v +2025)dy omj (—) +9)dv M1 33
¥y =25z (16-y)dy or x|, (400-25y)dy Ml 33
{”} 165° 15 5
Vv
R = ”5[ 5 " 2025y] or {)r}[ == I Alft L1b
2 L] S
V==25{x}|:16y—“_’]l {;r}[400|—' Y ] Alft | L1b
e 3 - s
255
V=V+V, ——(18000+30375)+25k(128——)
2 Ml 34
V=V+V,=2157+12.57
=icm or227.5rem’ Al 2.2b
)
(<) Eg
The equation of the curve may not be a suitable model Bl 3.5b
e The sides of the candle will not be perfectly curved/smooth ’
e There will be a whole in the middle for the wick
@
()
Makes an appropriate comment that is consistent with their value for
the volume and 700 em?’. Blft 3.5a
E.g. a good estimate as 700 cm’ is only 15 cm’ less than 715 em?
(0]
(13 marks)




where k 1s a constant
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(a) Determine the values of k for which A is singular.

Given that A is non-singular,

(b) find A~!, giving your answer in terms of k.

(Total for question = 6 marks)



(4)

(/ + ( () (Total for question = 6 marks)

(6 N E-0=° S
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Question
N s Scheme Notes Marks
(a) 2 kX 2
A=|2 2 &k
1 2
|A|=2(4-2k)-k(4-k)+2(4-2)=0
=k -8k+12=0=k=_.
Attempts det A = 0 and solves 3TQ to obtan 2 values for &
Note that the usual rules for solving a 3TQ do not need to be applied as leng as 2 Ml
values for k are obtained.
The attempt at the determinant should be a correct expression for their row or column
so allow errors only when collecting terms
Note that the rule of Sarrus gives 8 + £ + 8 -4 —4k—4k=0
k=26 | Correct values. Al
Marks for part (a) can only be scored in their attempt at (a) and not recovered
from part (b)
2
(b) 2 &k 2 4-2k 4-k 2 4-2k k-4 2
2 2 k|o|2%-4 2 4-k |>|4-2% 2 k-4
I 2.2 -4 2k-4 4-2k) (KF-4 4-2k 4-2%
Applies the correct method to reach at least a matnix of cofactors Mi
+ - o+
Should be an attempt at the minors followedby | — + —
+ - o+
If there 1s any doubt then look for at least 6 comrect cofactors
4-2k k-4 2 4-2k 4-2k K -4
4-2k 2 k-4 || k-4 2 4-2k
KF-4 4-2k 4-2k 2 k-4  4-2% dMI Al
dM1: Attempts adjoint matrix by transposing. Dependent on previous mark.
Al: Correct adjomnt
4-2k 4-2k k-4
A":m k-4 2 4-2%
2 k-4 4-2% Alft
Fully correct inverse or follow through their incorrect determinant from part (a)
where their determinant 1s a function of &
Ignore any labelling of the matrices and allow any type of brackets around the
matrices
(O]
Total 6




Q5.

(a) Express 2
r(r* = 1) in partial fractions.

(b) Hence find, in terms of n,

Give your answer in the form

n’ + An+ B
Cn(n+1)

where A, B and C are constants to be found.

(Total for question = 8 marks)



Qs. y,
(a) Express 2 __é’_ 4~ »g —
B e -1 In.pa;lal fractions. Y /’__ , / - /
A= I ) -
(b) Hence 1:nd, in terms of n, — / 3~ * - - 1 e
e A "
z’(ﬂl_“ '/ i/“‘ /2 I/‘r~ | }
l — et

Give your answer in the form

wdn+ 8
Cn(n +1)

where A, B and C are constants to be found.

(5)
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2 k2.1
@ r(r+1)(r-1) r-1 r r+l MlAlAL @)
(b) r=2 l——+l
3
r=3 —-—+l
r=4 %——1-% M1
r=n-1 L_L l
n-2 n-1 n
g Rl -
n-1 n n+l
"(1 2 1}(2112 1]
S| ——=+—|=|[1- T4+ ——+— Al
m\r-1 r r+l 2 2 nn n+l
1";-1x(1—1+i)—"2+"_2 dMIAl (4
25 r(r+1)(r-1) 2 \2 n n+1) an(n+1) @
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Evaluate the improper integral
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5(i)

j 3¢ gy = -%e“’”’ Bl | 1.1b

* 2 (4-2x) : 3 3 42
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(@)

(b)

Write 4 3 in the form c , where C is a constant.

4x-1 3x=+2 (4x+1)(3x+2)

(1)
Evaluate the improper integral

- 10
[ G

showing the limiting process used and giving your answer in the form Ink, where k is a
constant.

(6)
(Total 7 marks)



(a) Wite , 3 Inthe form c , where C'is a constant.
dx+1 3x-2 (4x+1)(3x+2) )

(b) Evaluate the improper integral

- 10 |
j* (4x+1)(3x-2) -

showing the limiting process used and giving your answer in the form Ink, where kis a
constant.

(6)
(Total 7 marks)
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[@x+1(3x+2) [@x+1)3x+2)

Accept C=5

B1

: I Am el
M1

= 2[In(4x +1)-In(3x + 2)] fe)

OE
A1

- i)

« replaced by a and i, (OE)

a—»x

M1
Limiting process shown.
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Q6.
Given that y = artanh(cos x)

(a) show that

dy
— = —cosec x
dx
(b) Hence find the exact value of
5
J. cos x artanh(cos x) dx
0

giving your answer in the form aln(b + Cﬁ) + dr.

found.

where a, b, c and d are rational numbers to be

(Total for question = 7 marks)



Q6. ﬂ) /'Z(“h‘j (03 2
Given that y = artanh(cos x) ‘
ven that y = artanh(cos x S(’}”J:) %{pi — -~ SIn
J Az

(a) show that
P o coseox ,_J_‘L, = —Sn X
- d] S‘('(];'l ‘j

(2)

(b) Hence find the exact value of — —Sin
; - Ty+1
J.oosxmanh(mx)dx T‘b‘l\ ‘j
0
c
— —=SIN AL
iving your answer in the form -
ey aln(s + ""'5)""’" where a, b, ¢ and d are rational numbers to be /
found. [ —cx (2
/h> ® = —Siwx _ =L
_ Sing e
U= as ton /’(% suly 9
- A
. | o / / (Total for question = 7 marks) =~ 2
U = —C V' s (5
« B B ﬂ
Ln H
~{ b
S‘My 0 {-0\/1 /(d—‘/( ’) f/llj - //l —-i I;‘QTU/S’TA
!l/u
/ J
- ,’_,(( /phn 1 ,f_‘
(3w cchibpoo) 42 )"
Question Scheme Marks
@) y =artanh(cos x)
%=l—c:)s’xx_smx Correct use of the chain rule M1
=;:‘_;:==_cosecx . ::;r(sfotmeompleﬁonwidlno Al
(&)
Alternative 1
tanhy:cosx:sed:zy%=—sinx
dy _-smx _ -sinx Correct differentiation to obtain a i
dx sech’y  1-cos’x function of x
=;:‘_;:=m%;=_cmx . ::;r(s?aredcompleﬁmwdmno Al
(&)
Alternative 2
< 1 1+cosx
l')=5ln(li¢:osx)
o e e | et | 1
_ 2sinx Al Correct
_2(l—oos2x)_—cmx . completion with no Al
(&)
(b) y ]
j cosxmmnh(cosx)dx=smxaﬂanh(oosx)—j‘smxx—cosecxdx M1 Al
M1: Parts n the correct direction Al: Correct expression
[:-xmh(oosx)+x]:——amh(f]+—( (0))
M1
M1: Correct use of limits on either part (provided both parts are integrated).
Lower limit need not be shown
__h[l+§] :Jns:nc;lfthelogmithmic formof | o
=:ln(7+4~/_)+g or%ln(2+~13-)+% Cao (o) Al
The last 2 M marks may be gained in
reverse order. ®)
(7 marks)




Water and antifreeze are being mixed together in a tank.

The mixture is stirred continuously so that the water and antifreeze are instantly dispersed
evenly throughout the tank.

Initially the tank holds a mixture of 8 litres of water and 2 litres of antifreeze, so that the
concentration of antifreeze in the mixture is said to be 20%.

The concentration of antifreeze in the mixture is now increased by
+ adding water to the tank at a rate of 0.1 litres per second
+ adding antifreeze to the tank at a rate of 0.3 litres per second
+ pumping mixture from the tank at a rate of 0.4 litres per second.

Let x litres be the amount of antifreeze in the tank at time f seconds after the
mixture starts to be altered.

(a) Show that the change in the amount of antifreeze in the tank can be modelled by the
differential equation

dx x
= gt
dt k
where k is a positive constant to be determined.
2
(b) By solving the differential equation. determine how long it will take for the concentration
of antifreeze in the mixture to reach 40%. according to the model.

Give your answer to the nearest tenth of a second.

(6)
As t becomes large. the concentration of antifreeze in the mixture
approaches ¢%, where ¢ is a constant.
(c¢) Find the value of ¢

2

(Total for Question 8 is 10 marks)



Water and antifreeze are being mixed together in a tank.

b
The mixture is stirred continuously so that the water and antifreeze are instantly dispersed
evenly throughout the tank.

Initially the tank holds a mixture of 8 litres of water and 2 litres of antifreeze, so that the
concentration of antifreeze in the mixture is said to be 20%.

The concentration of antifreeze in the mixture is now increased by
+ adding water to the tank at a rate of 0.1 litres per second

O3

\/ =4+ 21003t

V i,

« adding antifreeze to the tank at a rate of 0.3 litres per second . ¢
. ;nmp?ngmbnmf:m;ﬂneu:k:umeofo.ﬂimpfpammd. ‘/(‘[“6’ [N 4-_) 2 j
Let x litres be the amount of antifieeze in the tank at time f seconds after the .
mixture starts fo be altered. /v\,{‘é J\,“ () Li Xf-)zo—"

(a) Show that the change in the amount of antifreeze in the tank can be modelled by the
differential equation

ggon;_i

dt k

where kis a positive constant to be detenmined.

@

() By solving the differential equation. determine how long it will take for the concentration
of antifreeze in the mixture to reach 40%, according to the model.

Give your answer to the ncarest tenth of a second.
©)

As t becomes large, the concentration of antifreeze in the mixture
approaches ¢%, where ¢ is a constant.

(c) Find the value of ¢
- 5
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L" j (.l'otal for Question 8 is 10 marks)
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Question Scheme Marks AOs
$(a) Volume of mixture = (8 + 2) litres therefore
Rate of antifreeze out -0_4x% litres per second M1 33
dx x
—=03-—
ar 35 Al 1.1b
)
(b) Rzmmgaz+3-o3mm Sepamesﬂ;evulubles
mtegnulngfacwr 7_5-,‘*‘=fgd‘ Ml | 3la
F=o5- ..
. . N n Integrates to the form
xe =_|‘03:’-‘ df = xe® = je® (+c) /lln(75—x)=Lt(+c) M1 | LIb
i 25
' ‘ 1
xe® =755 +¢ ~ln(75-x)=5tte Al | LIb
t=0,x=2>0=__ M1 34
75T -55
X =—————=4 rearranges to
e
lchievea%:amdsolvewﬁnda 1(75-4 1 i
value for t - -—)-3t— 55| wa | 34
'°‘ Leading to a value for ¢
x=7.5—5.5¢-£=4mgﬁw
B
achieve € ¥ = and solves to find a
value for t
r=awrt11.3 seconds Al 22
(6)
© 75¢5-55 75-55F  __ 15-55x0
x= — = so =limx=—"—"-=75
. 1 (== Mil1 35a
€
Then 7.5 as a percentage of 10...
=75 (%) Al |22
()
(10 marks)







